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APPENDIX A

A.STATE AUGMENTATION OF PROXSIM1D

State augmentationis amethod bywhich the Kalman-filter may be used to
estimate the model parameters (Goodwin and Sin, 1984. Using this approacd, the
origina state vedor X is augmented by addition d the mnstant but unknowvn
model parameters, such that the state vedor becomes

(A.D),

>
1
Cd
MO OOOmmo oo

where X is the model state (ie. matric head or temperature) at nodej and a; is the
ith model parameter requiring estimation by the filter. To take acourt of the
augmentation d the state vedor, the A matrix and U vedor of the origina
Kaman-filter propagation equations given by (3.1) and (3.2) are replaced by A
and U respedively, where

) ~ C
A:%‘ oa (AD(+U)[ (A.2),
B) ............. I ............ E
and
BYIN
U=r1- A.3).
U<5: -

The system noise variance matrix Q in (3.2) isreplaceal by Q, where
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with Qx being the original system noise cvariance matrix of the system states Q,
and Qq, being the system noise @variance matrix of the system parameters.
Finally, the observation matrix H of the observation equation gven by (3.3) is
replaced by H, where

H= @-i %(H DZ)E (A.5).

Thus, in order to estimate the model parameters using the state aigmented
Kaman filter, it is necessary to dfferentiate the model equations with resped to
eah of the model parameters. However, with the dosen format of the
observation equation, the “observations’ are independent of the model parameters
and no extra work is required. Therefore the following sedions present the
necessary differentiations required to estimate the model parameters used in
PROXSIM1D (Chapter 5) by the state augmented Kalman-filter.

A.1 DIFFERENTIATION OF MOISTURE EQUATION

The moisture equation wsed by PROXSIM1D is not a simple function o
the model parameters. In fad it is a rather complex system, with many variables
in the moisture equation keing a complex function d the model parameters. Thus,
evauation d the derivates of the moisture eguation can na be done diredly, bu
require evaluation throughthe dhain rule.

Asthe model has the optionto use a ombination d the Brooks and Corey
(1969, Clapp and Hornberger (1978) and van Genuchten (1980 water retention
and ursaturated hydraulic conductivity models, derivates with resped to model
parameters had to be available that do nd require evaluation uriess a model
option is chosen that requires that particular model parameter. The dain rules
which require evaluation for the derivate of the moisture eguation with resped to
eat of the model parameters are given below. The derivative with respect to

porosity @is



Appendix A — Sate Augmentation of PROXSM1D Page A-3

dw r]+1 _ 0"4’ ?+1 08\:] . dw]ml dsgwj . dw]ml dcuf)]

J

dp 0S, dp IS, dp oC, I

n+1 n n+1 n n+1 n (AG)'
+dwj leMj-l +dwj dDLMj +d(l/]- leMj-v—l
;. dp D dp D
with resped to saturated hydaulic condwctivity Kgis
dw;ﬁl _ dw]ml le;j_l +dw;1+1 dD(ZiJ . dw;ﬁl dDLZIj,,l (A7)’
oK, dD:dH oK, dDL;;j oK, dDLfd“1 oK,
with resped to residual soil moisture ontent 6; is
W} 0wt OS) oyt ocy oyt g,
06, ~ 0S. 06, JC; 06, dD) 98,
i ) i ) i (A8),
OV DG oy OB,
o"DL;}j 00, o"DL;}M 00,
with resped to the bubHing capill ary presaure ¢ is
oy oum oS, gy" oC,
L "U'n = "Un' Y (A.9);
ap, S, ow, dC) o,
with resped to the saturated soil matric potential (sis
ow" A"t oS, oy oC,
l’Ul — l’Ul i + l’Ul v (A.].O),

oy, IS, P, oC; A,

with resped to the van Genuchten soil texture parameter ) is
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dwml _ dw]ml 08\:\1’] . dw]ml dcqr/]] . dw n+l le;iH

J J

on 4S, on dC) on D, N

) ) (A.1D);
+ dw ;H-l leMJ + al‘ll T+l leMj-v—l
oD, on D an
with resped to the van Genuchten soil texture parameter nis
oW _owpt oSy owpt oy awp b,
on JgS, on  oC;, on Dy on
’ ] ’ ] ’ (A.12);
L I
o"DL;;j on o"DL;;M on
with resped to the Clapp and Hornberger soil texture parameter b is
d(l/ ?+l = d()U T+l ds\zl + d(l] ;Hl dCLZJ + dw Jml dD‘;j—l
b JgS, b oC, b D, b
’ ] ’ ] ‘ (A.13);
L I
o"DL;;j b o"DL;;M ob
with resped to the Brooks and Corey pare sizedistributionindex ¢ is
aw;ﬁl _ dw;Hl ds\zj . aw;ﬂl dCLZJ . dw;ﬁl th/Tij_l
o9 JgS, dJ¢ oC, op D, I
’ ] ’ ] ’ (A.19);
L I
®; o D 9
with resped to the volumetric propation o quartz 6 is
dw;ﬁl
=0 A.15);
70, (A.19

with resped to the volumetric propartion o other minerals 6, is
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dw n+l
26,

=0 (A.16);

and with respect to the volumetric propartion o organic matter 6 is

dw n+1

=0 A.17).
20, (A.17)

A.1.1 DERIVATIVES OF MOISTURE EQUATION

The derivatives of the moisture equation which are required for evaluation
of the chain rules at nocde j are given below. The derivative with resped to the
water saturationratio S, at nocej is

ﬁwml _ S(r)luj (tn+1_tn)
S S )2(,1 zjﬂ)

Ey ( R ) F (A.18);
il LMH (Zi—l ZJ) E
= D" _(Dt?m +D whlwa ‘»UJ+1)[
ﬁ he (ZJ _ZJ+1) E
with resped to the specific storativity S at nodej is

ﬁwml o Sn (tn+1 _tn)

055, sy, ) +cp Flza zjﬂ)
EDH ( D, +Dp 1. - ) F (A.19);
P )
0, (g +op Jur -un)
ﬁ hie (Zi _Zi+1) E

with resped to the capill ary capacity fador Cy at nodej is
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dw?+1:_ (tn+1 tn)
ac,y, (Sgw S, +Ct2,-) (Zl 1 ZJ+1)

(A.20);

e+ ;. +0p Yo -w
L
0 oy, +op ey -wr)

Dn
SR & -24)

FTmirririrri

with resped to theliquid hydaulic conductivity Dy a nodej—1is

dlﬂml _ (n+1n t" XZ] 4 T +¢l l,UJn) (A.21):
( S, +Cy, Xzi—l ZJ+1XZi—1 _ZJ)

with resped to theliquid hydaulic condctivity Dy at nodej is

dw n+l (t n+l _‘tn)
le;J (S” S\ZJ +C£J XZJ-_l—ZJ-+1)

%yj—l_W?H_HPF_WFHHE
Zi4 ~ 1 H HZJ ~Zin EE

(A.22);

and with respect to theliquid hyd-aulic conductivity Dy at nodej+1is

dwn+l_ , (tn+l tnXZ -z, 'H.U, l')UJ+l)

dDU:jﬂ (Sn S‘ZJ +CLZj ij—l ZJ+1XZi J+1)

(A.23).

In order to solve the partial differential equations which model the soil
moisture transfer in the soil column, various boundry condtions can be gplied,
asoutlined in sedion 5.1.1.Therefore, the derivatives of the moisture equation at
the surface and bdtom nodes depend onthe boundry condtion applied. If a
Dirichlet boundry condtion is applied, then the derivatives are zro, bu if a
Neumann boundry condtion is applied, then the derivatives are & given below
for the boundiry nodes. The derivative with respect to the water saturation ratio
Syanok2is
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opy" _owy” (A.240)
andat nodeN-1is
Wy _ oYy (A.24b);
0Su.. .,
with resped to the specific storativity Sy at node 2 is
opy" _owy” (A.250)
ds(r;‘/lz dsng
andat noceN-1is
ngU/NA dSS‘l’N—l
with resped to the capill ary capacity fador Cy at node 2 is
n+1 n+l
Mr s (A.269),
dCUJz dc‘//z
andat noceN-1is
Cy. Ly, |
with resped to the liquid hydaulic conductivity Dy at node1is
oyt _owgt | 2Q5(z-2,) (A27a)

n - n
ad, Dy,

(g, +05. )
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andat noce N-2is

n+l n+l
awnN — dwnN—l (A27b),
lel" N-2 dDU" N-2

with resped to the liquid hydaulic conductivity Dy at node 2 is

oY B oYy + 2Qf’ép (z,-7,)

T (Dql ) )2 (A.289),
andat nodeN-1is
oYyt _ oWl _ 20k (2, -2,) (A28
®j,, P, (o, +D0;,f
and with respect to the liquid hydaulic conductivity Dy at node 3 is
oy, _oy;” (A.29%)
D, Dy,
andat noceNis
oYy _ 0wyt 2Qk (Zya — ) (A.29h),

o, o, (o; +py )

A.1.2 DERIVATIVES OF CONSTITUTIVE RELATIONS

In this :dion, the derivatives of the constitutive relations that are required
for evaluation d the chain rules at noce j are given. The derivative of the water

saturationratio S, at node j with respect the porosity @is

ﬁ:—6_|2+lﬂ (A30),
9 »° @ op
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with resped to the residual soil moisture 6, is

S, 106,

9, @6,
with resped to the saturated soil matric potentia s is

oS

w

106,

oW, oy,

with resped to the bubHing capill ary presaure ¢ is

S, 1 96,

oy, @y,

with resped to the van Genuchten soil texture parameter n is

o5, 106,
an @ on

with resped to the van Genuchten soil texture parameter nis

)

S
on

S|

with resped to the Clapp and Hornberger soil texture parameter b is

(A.31);

(A.32);

(A.33);

(A.39);

(A.35);

(A.36);

and with respect to the Brooks and Corey pore sizedistributionindex ¢ is

o5, 106
a9 @ P

(A.37).



Appendix A — Sate Augmentation of PROXSM1D Page A-10

The derivative of the spedfic storativity Sy with resped to its only
dependent parameter @is

0y

op

=-a+f (A.39).

A.l2.1 Volumetric Liquid Water Content

In this sdion, the derivatives of the volumetric liquid water content 6
with resped to each of the dependent soil parameters are given for the three
models described in section 5.2.1, lbing the Brooks and Corey (1966, Clapp and
Hornberger (1978) and van Genuchten (1980.

A.1.2.1.1 Brooks and Corey

The derivative of the volumetric liquid water content as given by the

Brooks and Corey (1966 model at node j with resped to paosity @is

96
_IZELb < A.3%
o0 wg Y=o (A.3%)

26, _

—=1 w> (A.39b);
70

with resped to the residual soil moisture 6, is

06, _. [y,

20" E%g W< b (A.400)
98, _
ﬁ—o ¢/>(l/b (A40b),

with resped to the bublding capill ary presaure ¢, is
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9, J(W&)E@% g "

= < 413
w, v, b e (48
)

=0 > A.41D);
50 w> o (A.41D

and with respect to the Brooks and Corey pore sizedistributionindex ¢ is

%:(40—6, )E’IQ IogeEflTbE TS (A-422)

D _g w> W (A.42D).

op

A.1.2.1.2 Clapp and Hornberger

The derivative of the volumetric liquid water content as given by the

Clapp and Hornberger (1978 model at node | with respect to the porosity ¢@is

1
@:Eﬂsg W< W (A.435)
op Y
9% __6 W<W<1  (A.439
o @

% 4 w=1 (A.4%);

9
with resped to the saturated soil matric paotentia s is
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% __9 Eﬂg W< W (A.443)
oy, by,

% _, W< W (A.44D);
oy,

and with respect to the Clapp and Hornberger soil texture parameter b is

% __ b";EﬂE og. E Ws W (A.45)

6 W 6)((/)W 6,)
gquo o+ oW, - 26)%

=0 W=1 (A.450).

W < W< 1 (A.45b)

E

A.1.2.1.3 Van Genuchten

The derivative of the volumetric liquid water content as given by the van

Genuchten (1980 model at nodej with respect to the porosity @is

26,
0"<P
)

9

Ww<0 (A.462)

with resped to the residual soil moisture 6, is

)
—=1-0 <0 A.47a
% " (A.473)

00,
1 =0 Ww=0 A.47b);
00, ( )

with resped to the van Genuchten soil texture parameter n is
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06, _mn(6, - o)f-ny)

P
! L. <0 (A48
1
%+ (-ny) a
% _, W= 0 (A.48D);
on

and with respect to the van Genuchten soil texture parameter nis

: E
E%'%Eﬁ@i

Ul
96, cm(-ny )" log.(-ny)
—+=(p-6,) Y<0 (A.4%)
R
O 1 C
O 1 E” C
+Cnw) -
%:0 Yy=0 (A.49D.

A.l1.2.2 Capillary Capacity Relationship

In this ®dion, the derivatives of the capill ary cgpadty C, with respect to
eath of the dependent soil parameters are given for the three models described
previously.

A.1.2.2.1  Brooks and Corey

The derivative of the unsaturated capill ary capacity as given by the Brooks
and Corey (1966 model at nocke j with resped to the porosity @is

o, ¢Egg 3

— = < A.508
o wiw Y< b ( )
oc, -0 w> (A.50D);
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with resped to the residual soil moisture 6, is
oC
v ¢ H eI (A.513)
26, Yoy
Ty _ 0 > (A.51b);
96, V> o
with resped to the bubling capill ary presaure ¢, is
ac, ¢°0, - -
, ¢ (rz fp)ﬂ,uba o< 52
ow,  y* He
Ty _ 0 > (A.52D);
o, T

and with respect to the Brooks and Corey pore sizedistributionindex ¢ is

dCl/-’_(Gr_qo) bg b
=t E’I %wloge%%ws%
%o _y w> b
09

A.1.2.2.2 Clapp and Hornberger

(A.53)

(A.53D).

The derivative of the unsaturated capill ary capacity as given by the Clapp

and Hornberger (1978 model at node j with resped to the porosity @is

1
©,__ 1w Wew
dp by, -

(A.54a)
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oc -
v Wlo-60+ ”W‘p)2 W< W< 1 (A.54b)
dp  m,(p-20+n,9)
de
—=0 w=1 (A.54c);
op
with resped to the saturated soil matric potential (sis
o o
b
b @ HU S W< W (A.55)
oy, byl b,
dclll
=0 W <W (A.55b);
oy,

and with respect to the Clapp and Hornberger soil texture parameter b is

o, o Oy o 1]
= - W< W
b by Eiﬂs% HD '°96EZ% =

ac, _2¢0°W -1)6 -p)We-6)

» il af

O
(Wfp 6) -
(W qo 29 +Wgo) W <W<1

_ W' W -1)(p-26, +Wg)

%(\A/(/(W(p 6 - 26, +W(p§

<
I
o
=
I
[EEN

(A.56)

(A.560)

(A.560).
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A.1.2.2.3 Van Genuchten

The derivative of the unsaturated capill ary capacity as given by the van
Genuchten (1980 model at nodej with respect to the porosity @is

1
EL’n—1+G)a a
Ul @H -1 C l,U<O (A57a)
B .g E
m@ﬁ
o H oev-1H C
[ L
O 6I _er C
de
—¥ -0 @=0 (A.57b);
o9
with resped to the residual soil moisture 6, is
oC, _ 1
06, (m-1)e-6,)
i i m-1 E
%OmE—OmE O C
W C
1
B%En—uem %
1] - w<0 (A.58)
& VLT
H’n—l—@+@ mHD:
% U U
s D%
m m _G)m
% g 1 1DDZ
ﬁ—q@%&)m -1+ n@m%
de
“¥ -0 w=0 (A.58D);
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with resped to the van Genuchten soil texture parameter 7 is
oC 1 1
Se-Mon-0mH 6 -¢)0
o m-1
H_Hle-6,)-nw) F
[] 6, -6, CY<O0 (A.5%)
[ C
i +m|:
+ mom 1 a C
1 _ n L
om -1 +( I’]l,U) E
de
—=0 Y=0 (A.59D);
on
and with respect to the van Genuchten soil texture parameter nis
E %-@;E(a -9)0 %
. i i
0 P _ _onhs
g% n—l)Ea lEogeE e E
2(n-1 1
O H1n— g ]
% o Yor -1- :
E %Jr om - 2ne™ Eogeeé
g
€, _ o 1 C
A = R C
m 1 C
bo-opollmed 30
: IR
A{oloo. 1 E m EY<oO (A.608)
oot fs () 5 E
Elgl-ﬂm(-ml/)"Ioge(-nw)E1 1 E“% .
b+ Cnpyf BeCnySff E
%y =0 >0 (A.60b)
P Y= .60D).
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A.1.2.3 Isothermal Liquid Hydraulic Conductivity

In this <dion, the derivatives of the isothermal liquid hydaulic
conductivity with resped to each of the dependent soil parameters are given for
the threemodels described previoudly.

A.1.2.3.1 Brooks and Corey

The derivative of the isothermal liquid hydaulic condictivity as given by

the Brooks and Corey (1966) model at node | with resped to the porosity ¢@is

D, _ K, [B - %
op  (p-6,)He-6,

(2+3¢)Fp. r%‘lae.
"olp-6,) Ho-6, 0 g

(A.61);

with resped to the saturated hydaulic conductivity Ksis

:Fp'_erg A.62);
He-6, (02

with resped to the residual soil moisture 6, is

dle K6 -9) [P 9%
00 6 9 6 -6
(2+ ), 9%
) Ho-6
with resped to the bubHing capill ary presaure ¢ is
Dy _ (2+3¢)FP. E 96, (A64);
ow, ¢lp-6,) He-6. 5 o,

with resped to the saturated soil matric potential s is
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-1
Dy _K,(2+39)[p, —er% 9, (A.69;
dws ¢((p_6r) H(p_er dlrUS
with resped to the van Genuchten soil texture parameter 1 is
-1
Dy _ (2+3¢)|:p' r % o (A.66);
on ~ ¢lp-6,) He-6. 5
with resped to the van Genuchten soil texture parameter nis
-1
Dy _ (2+3¢)FP| H % (A.67):
n  ¢lp-6,) Ho-6, 5 on
with resped to the Clapp and Hornberger soil texture parameter b is
-1
D, _K,(2+3)P -6, % a6, (A6D);
ob ¢((p_6r) H(p_er o

and with respect to the Brooks and Corey pore sizedistributionindex ¢ is

A.1.2.3.2 Clapp and Hornberger

The derivative of the isothermal liquid hydaulic condictivity as given by

the Clapp and Hornberger (1978 model at nocde j with respect to the porosity @is

oD

3 b
w __ KB (§+2b)§1§ . KS(3+2b)%I1§ 9. p70:
op @ @ @ oo o
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with resped to the saturated hydaulic conductivity Kgis
m +2b
il % (A.71);
K, 0o
with resped to the residual soil moisture 6; is
m K +2b
26, @ @ 90,
with resped to the bubling capill ary presaure ¢, is
dD +2b
u _ KB+ 2b)%'1§ 96, AT
o, @ @ o,
with resped to the saturated soil matric patentia s is
+2b
Dy, _ KS(3+2b)Eu1§ 96, AT
o, @ @ o,
with resped to the van Genuchten soil texture parameter n is
D, K. (3+20)m ™ 96,
= — (A.75);
an @ ® an
with resped to the van Genuchten soil texture parameter nis
+2b
D, _ K.(3+20)[B, 96, (A76)
on Q Q on

with resped to the Clapp and Hornberger soil texture parameter b is
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D +2b +2b
4= 2KS%§ |oge%%—}<5(3+ Zb)%g % (A.77);
7] (0] ® (0] ® 7]

and with respect to the Brooks and Corey pore sizedistributionindex ¢ is

Dy _K,(3+2b) %g% 9, (A.79)
op ) @ op T

A.1.2.3.3 Van Genuchten

The derivative of the isothermal liquid hydaulic condictivity as given by
the van Genuchten (1980 model at node j with resped to the saturated hydaulic

conductivity Ksis

D, — (L_(_UW)n_1(1+(_’7n‘:U)n)_m)2 Ww<0 (A.7%)
X b+ Cnwy )
Ziw -1 W=0 (A.79b);

with resped to the van Genuchten soil texture parameter n is

H i
0 K(nu) _ C
o +(ny)) e C y<o (A.808)
7,;”=-2n§w2 (—nw)”+nw@+(—nw)”T)DE
b+ Cnw))+
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— Y% -0 @w=0 (A.80D);

and with respect to the van Genuchten soil texture parameter nis

ey Cn))e
%&(1 o f ety W< 0 (A.813)
0 C
SE Mwh-+Coe)) =
o) 1 g%(—nw)"gr(h(—nw)"ﬁﬂ % :
ﬁ:_WBE gn(—nw)”—S(—nw)"—“n)% E
i go(-nw)+ ‘ ) g C
ng s Cnw))e BB E
+(— )% 1 E
L
H g, 1+ Cnw)') HoE
oD
y
o Y ( )

A.2 DIFFERENTIATION OF TEMPERATURE
EQUATION

As with the moisture ejuation, the temperature eguation wed by
PROXSIM1D is arather complex system with many variables in the temperature
equation being a omplex function d the model parameters. Thus, evaluation o
the derivates of the temperature equation can nd be dore diredly, bu require
evaluation throughthe dhain rule. The chain rules which require evaluation for the

derivate of the temperature eguation with resped to each of the model parameters

are given below. The derivative with resped to paosity @is
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o—,-l-jn+1 ~ d-l-jn+1 0C_If_1 +0—,-|-jn+1 dA?_l +0—,-|-jn+1 d/\? +den+l dAn

j j+1

dp OC! dp N, dp 0N dp OA, Op
+den+1 qulnH mﬂ;j—z + dq'nH lelrf]'H +dq'nj—1 dD‘;‘J E
oo, [0, dp ;. dp IO 99 [ (A8;
A T O O P R
dqu+l W‘MJ d(p leMHl d(p mwh*? dq’ E
den+1 d@,n d-l-jn+1 (39|n_1
+ L+ J
90" dp 96 I

with resped to saturated hydaulic condctivity Kgis

Tt _ gt Bow, 9D, | O, D, o, D
sz aqlnj_1 EPDLZIJ_Z aKS d:)ur’]ij-l dKS aDLZIJ aKS H (A83),
+ de”*l qulnm aD‘;'J + aqlnlﬂ dD(’;”l + aqlnm aDLZI“z E
dqlnjﬂ WDJ;J dKS dD‘Z'Jn aKS dD‘Z'HZ dKS E

with resped to residual soil moisture wmntent 6 is

d-l—jn+1 _ d-rjn+l qulnj?l leZ'pz . ﬂqlnk1 m‘;‘rl N ﬁq,”ﬂ leZ'J H
96, oo D, 06, D, 06, D, 6, [
+d-|—jn+1 ?qlnjﬂ m(;h + dqlnjﬂ 0D(z1j+1 + aqlnjﬂ m:’li*?E (A'84)’
dqlnlﬂ @DJJ 09" d:)‘;ﬁl der m";l*z aer E
d-l—jn+1 del? d-l—jn+1 09|T_1
+ +
o”'@,:1 20, 0"'9,';_1 06,

with resped to the bubHing capill ary presaure ¢ is

d-l-jn+1 den+1 09|n d-l-jn+1 aeln—l
= ] + ]
op, 06 oy, 06" Ay,

(A.85);

with resped to the saturated soil matric potential (s is
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d-l-jn+1 0-,-|-jn+1 §9|n d-l-jn+1 o'»eln—l
— ] + ]
op, 06 ow, 08 o,

(A.86);

with resped to the van Genuchten soil texture parameter n is

denﬂ - denﬂ qulnjfl dD‘Z'rz + aqrjfl dD‘;Irl + aqlnrl dDLZIJ H
0’7 aqlnjﬂ EPDl;jfz df] aD‘;rl dn d:)lzll 0’7 H
LT, D, g, A, Oy F (A8,
dqlnjﬂ W&J dr’ m:’lﬁl dr’ d)l;:'l*? dr’ E
d-l—jn+1 079|T d-l—jn+1 delT—l
+ +
96" on 96" on

with resped to the van Genuchten soil texture parameter nis
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with respea to the Clapp and Hornberger soil texture parameter bis
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with resped to the Brooks and Corey pare sizedistributionindex ¢ is
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with resped to the volumetric propation d quartz 65 is

gt _GTyt oy ST oA, IT[ ON) aT™ oA, (A.91):
08, ~ o 98, a)\“_l 06, X 46, a)\7+1 26, ’

with resped to the volumetric propartion d other minerals 6, is

den+1 dTn+1 0(:1_ (}'Tn+1 dA”_l den+1 0"A” (}'Tn+1 dATﬂ (A.92);
20, dCT 20, 0“”_1 26, dAT 26, dAT+l 20, ’

and with respect to the volumetric propation d organic matter 6 is

den+l dTn+l 0‘(:1_ dTn+1 dAn_l d-l-n+1 dAn dTn+l dATﬂ_ (A 93)
98,  IC; 08, dATl 06, IX 98, m;l 96,

A.2.1 DERIVATIVES OF TEMPERATURE EQUATION

The derivatives of the temperature equation which require esaluation for
evaluation d the dchain rules a node j are given below. The derivative with

resped to the volumetric hea cgpacity Cr at nocej is
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with resped to the thermal condctivity A at nodej-1is

denﬂ (t ntt _tnXTjn_l _Tin)
A Sl nen - 2)

with resped to the thermal condctivity A at nodej is
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with respea to the thermal condictivity A at nodej+1is

)

d-l-jn+l__ (tn+1_tnXTn _Tn
AL, Cp 2,2~ 2.0 )2 - 2,)

with resped to the liquid massflux g at nodej-1is

d-l-jn+1 c ('[ n+l _tnXTjn—:L -T, )
a Cr (Zi—l - Zi+1)

with respea to the liquid massflux g at nodej+1is

(A.94);

(A.99);

(A.96);

(A.97);

(A.99);
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d-l-jn+l K (tn+1 _tnXTjrll -T, )
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(A.99);

with resped to vaumetric liquid water content 8 at nodej timestepnis

Tt ap, -t XTjn T,)

3 cr " -t"?)

(A.100;

and with respect to vdumetric liquid water content § at nodej time step n—-1is

d-l-jn+1 _ cp ('[ n+l _tnXTjn -T, )
del?—l CTnj (t n_t n—l)

(A.101).

In arder to solve the partia differential equations which model the soil
temperature transfer in the soil column, various boundxry condtions can be
applied, as outlined in sedion 5.1.2.Therefore, the derivatives of the temperature
equation at the surface aand bdtom nodes depend on the boundry condtion
applied. If aDirichlet boundry condtionis applied, then the derivatives are zero,
but if a Neumann boumlary condtion is applied, the derivatives are & given
below for the bourdary nodes. The derivative with resped to the volumetric hea
cgoacity Crat node 2 is

n+l n+l
or' _drt,

= - (A.1029),
5CT2 5CT2

andat noceN-1is
dTNnﬂ = dTNnj (A.102b;

n - n
oCr . 0Cp |

with resped to the thermal conductivity A at node 1is
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dTln+1 - dT2“+l + Z(Q;p Y qlrl (Tln ~Ta )le ~2)

n n (A.103%),
2z 2z (/\rl1 + /\;)2
andat nodeN-2is
n+1 n+l
il = MWy (A.103b;
OAN2 Oy,
with resped to the thermal conductivity A at node 2 is
AL G SERLEA e Jazz) G om
bz +2)
andat nodeN-1is
0T|_,\T+1 _OT,\TE Z(ngt _C|Q|nN (Tr\T _Tref) ZN—l_ZN) .
n T aan > (A.104Db;
AN OAy, (/\?\,_l +/\r,1,)
with resped to the thermal conductivity A at node 3is
n+1 n+l
I, = I, (A.105),
OAS OAy
andat noceNis
5T£+l _ dT,ffi Z(Ql;—ot - Clqu (TI\T _Tref ))(ZN—l -Zy) .
T T > (A.105D;
oAy oAy ()‘:1_1 +)‘?\1)
with resped to the liquid massflux g at node 1is
n+1 n+1 2C Tn -T -z
orn’ _ drt, N |(1 ref XZ1 2) (A.106),

a)  aq (r +23)
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andat noce N-2is

n+l n+l
71N ] N

= (A.106b;
aq'N-z dqlN—Z
with resped to the liquid massflux g at node 3 is
n+1 n+l
dTln = 5T+ (A.1079),
oq,  da;
andat noeNis
dT,\Tﬂ a 5T,\Tfi B 2, (Tr\T Ty XZN—l - ZN) (A.107;

oar,  oap W +A%)
with resped to vdumetric liquid water content 8 at node 2 timestepnis

n+l n+l
Jar _ T,

— (A.1089),
a6, 76,
andat nole N-1timestepnis
Al —dT—Nni (A.108D;

o6, 98"
and with respect to vdumetric liquid water content 8 at node 2 time step n-1is

n+l n+l
o™ dT,

0"6,:'1 09|:'1

(A.10%),

andat node N-1timestepn-1is
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n+1 n+l
Iy _aTe

del“Nj del“Nj

(A.1091.

The partia differentia equations which model the transfer of heat energy
within a soil column are afunction d the liquid massflux. The liquid massfluxis
not afunction d the soil parametersitself, bu rather afunction d the @nstitutive
relations, which are afunction d the soil parameters. Therefore, the derivatives of
the liquid massflux with resped to the nstitutive relations are required, and are
given below. The derivative with resped to the liquid hydaulic conductivity Dy

anocej-lis

0Q|nj __P|(QU?-1 -w,“)

D, 4z, -z,)

(A.110);

with resped to theliquid hydraulic conductivity Dy at nodej is

0q|nj _ lEH,U_l—QUT Hﬂ? l.UTﬂEE .
Dy - 'Q 4EHZ_1 z, E-FHZJ -z, EE (A.113;

and with respect to theliquid hyd-aulic conductivity Dy a nodej+1is

a el -wl) (A112.

dDuTi,ﬂ 4(21 - Zi+l)

At the boundry nodks, the liquid mass flux is modelled using slightly
different relationships. Therefore, different derivates are obtained for the
boundry noces. The derivative with respect to liquid hydaulic conductivity Dy
atnodes1land?2 are

da, _ o _ p +(¢f1 %)E (A.1139),
o oy, 2 H )

and at nodesN-1 andN are
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a, _ % __p +M (A.113h.
leZiN-l m‘Z'N 2 -

A.2.2 DERIVATIVES OF CONSTITUTIVE RELATIONS

In this sdion, the derivatives of the cngtitutive relations that require

evaluationin arder to evaluate the chain rules at noce j are given.

A22.1 Volumetric Heat Capacity

In this dion, the derivatives of the volumetric heat cagpadty with resped
to eahh o the dependent soil parameters are given. The derivative of the

volumetric hea capacity Cr at nodej with respect to paosity @is

-c, (A.119;

o,
=C A.115;
7. = C: (119
with resped to the propartion of other minerals 6, is
oc,
=C A.110);
o, (A.116
and with respect to the propation o other minerals 6s is
Xy =C (A.117).
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A.2.2.2 Thermal Conductivity

In this ®dion, the derivatives of the thermal condctivity with resped to
eat of the dependent soil parameters are given. The derivative of the thermal

condictivity A at nodej with respect to paosity @is
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with resped to the propartion of quartz 6 is
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with resped to the propartion of other minerals 6, is

5
k,S kB A
dA _ k4/\4 _ AIZ (Il |

2ki6i Ei k6, g

(A.120);

and with respect to the propation o other mineras 6s is
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(A.121).



